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assumed continuous asset dynamics over successively smaller intervals must be identified.
The method proposed in this paper can be seen as a variation of the bi? nomial approximation with improved qualities. The variation is designed and the parameters chosen such that the valuation procedure is consistent, unconditionally stable, and computationally efficient. Consistency means that the discrete-time process used for computation has the same mean and variance for every time-step size as the underlying continuous process. Numerical stability means that the approximation errors in the computations will be dampened out rather than amplified. Efficiency refers to the number of operations or amount of computing time needed for accuracy of a given approximation. The paper is organized as follows. The theoretical design of the proposed numerical method is presented in Section II. The basic structure of the algorithm is described in Section III. Numerical comparisons with several existing numerical methods are presented in Section IV. Necessary adjustments for cash flows and real options, as well as a numerical example, are given in Section V. A summary and conclusions are contained in Section VI. 2For more formal definitions of stability (using the mesh ratio) and efficiency, see Geske and Shastri (1985) Let the value of the underlying asset, V, follow a diffusion process of the form, opportunity values (i.e., the combined values for the project with options) using 3For any weighted average numeric scheme?such as a binomial method or explicit finite differences used by Brennan and Schwartz (1978) ?to be stable (i.e., for the error not to blow up) the weights must be constrained between 0 and 1 and add up to 1 (like probabilities), in turn restricting the admissible values of K and H to satisfy a certain condition.
4Due to the binomial nature of this process, the possible paths followed by the state variable X are constrained within a triangular path with vertex at the current value Xo. Note also that we only need every second state for any given time, and that the highest and lowest possible values of / are each shrinking by 1 at each step as we move backward in time. These observations can result in valued computational savings.
Step 1 Initial parameter specification l/.r.o-.T.EX'sC/'s), and N Additional parameter specification cash flows (amount and timing), and real option data
Step 2 Preliminary (sequential) calculation of K./j.H, andP
Step 3
Determination of terminal values (at j = N) For each state /', asset (project) value: V(i) = exp(/'H) R(i) = max(V(i),0) opportunity value (with imbedded options)
Step 4 Adjustments for the cash flows (dividends) and the various real options imbedded in the project need be made at appropriate times within the backward iterative process of step four. These adjustments are described in Section V.
Numerical comparisons with several existing methods are presented next.
IV.
Comparison with Alternative Numerical Methods6 Table 1 In most cases, the analytic is even within $0,002 of the logtransformed binomial; but in few, typically in-the-money, cases (row numbers 17, 23, 27) it slightly underestimates relative to the two binomial approaches. Table 2 compares American put values with one or two discrete cash div? idends using the two binomial methods for varying parameter values (for EX, a, and T). In most instances, the two methods give results within a penny of each other?with the highest discrepancies of $0.03 occurring under high vari? ance (a = 0.4). The European Black-Scholes put values are included to give a measure of the early exercise premium.9 Table 3 shows stability restrictions and consistency comparisons between implicit or explicit finite difference schemes and their log-transforms, numerical integration, the Cox, Ross, and Rubinstein binomial, and log-transformed bino? mial methods.
All but the log-transformed binomial and the log-transformed implicit finite difference methods have specific stability constraints.10 The logtransformation eliminates the single stability restriction in the implicit finite 8This efficiency comes from log-transformation and different choice of binomial parameters. Additional efficiency would result from the different adjustment for nonproportional dividends de? scribed in Section V. 9We also were able to confirm with close accuracy the results on the American put option to abandon for salvage obtained by Myers and Majd (1990) using explicit finite differences, both with a constant cash payout under deterministic salvage?their Table I?and with stochastic salvage?their  Table III. 10For stability restrictions in implicit finite difference schemes, see Brennan and Schwartz (1978), Equation (48) In fact, any such method with a downward biased variance (e.g., explicit finite differences, of which the Cox, Ross, and Rubinstein binomial is a special case) may suffer from such stability problems. By contrast, methods guaranteeing a nonnegative discrete process variance such as the proposed log-transformed binomial (with variance positive by consistency design) or the log-transformed implicit finite difference scheme (with variance positive due to upward bias) may achieve weights between 0 and 1 and, hence, require no external stability restrictions.
